Abstract. The weak coupling instabilities of a two dimensional Fermi system are investigated for the case of a square lattice using a Wilson renormalization group scheme to one loop order. We focus on a situation where the Fermi surface passes through two saddle points of the single particle dispersion. In the case of perfect nesting, the dominant instability is a spin density wave but d-wave superconductivity as well as charge or spin flux phases are also obtained in certain regions in the space of coupling parameters. The low energy regime in the vicinity of these instabilities can be studied analytically. Although saddle points play a major role (through their large contribution to the single particle density of states), the presence of low energy excitations along the Fermi surface rather than at isolated points is crucial and leads to an asymptotic decoupling of the various instabilities. This suggests a more mean-field like picture of these instabilities, than the one recently established by numerical studies using discretized Fermi surfaces. 
Introduction
Most of the unusual properties of the superconducting cuprates are likely to be linked to the quasi-twodimensional nature of their electronic structure close to the Fermi energy. Therefore certain (single-band) twodimensional (2D) models of interacting electrons may be able, in principle, to account for at least part of the anomalies observed in these compounds [1] [2] [3] . Unfortunately, even very simple models, such as the 2D Hubbard or the 2D t − J model, have so far resisted a rigorous analysis. Moreover, the available numerical studies are not yet conclusive enough for making definite predictions for, e.g., the zero-temperature phase diagram of these many-electron systems.
One of the major difficulties is that in the cuprates the bare couplings between electrons, for instance the parameter U of the Hubbard model, are large, i.e. of the order of the bandwidth. Therefore it is not clear whether a ground state consisting of occupied Bloch orbitals with energies below F is a good starting point or whether one a e-mail: benedikt.binz@unifr.ch b CNRS UMR 8551 c CNRS UMR 7589 has rather to think in terms of configurations of singly occupied and empty sites (doped Mott insulator). Actually, the successful analysis of the insulating phase in terms of the Heisenberg model suggests that the Mott insulator is the appropriate reference state [4] . Another difficulty is that fluctuations (both thermal and quantum) are strong in two dimensions so that mean-field approximations cannot be trusted.
In this paper we deliberately choose the limit of weak bare couplings, keeping in mind that this parameter range may miss completely some important characteristic aspects of the region of strong bare interactions. Nevertheless, it cannot be excluded that certain properties are qualitatively the same over the whole range of (bare) couplings, as is the case for the 1D Hubbard model, a Luttinger liquid for all positive values of U and all densities except n = 1 [5, 6] .
The most clear picture of two-dimensional interacting electrons has been obtained for the 2D jellium model with its circular Fermi surface, using a Wilsonian renormalization group (RG) approach [7] [8] [9] . A series of rigorous studies has shown that the Landau Fermi liquid theory is stable at not too low temperatures [10, 11] , i.e., above the critical temperature for Kohn-Luttinger superconductivity [12] . Other instabilities do not occur. Electrons hopping between the sites of a square lattice yield a spectrum that differs in two respects from the parabolic spectrum of the jellium model. First, the spectrum exhibits extrema and saddle points in the Brillouin zone. General considerations imply that there are at least two saddle points and two extrema (one maximum and one minimum). Obvious points are P 0 = (0, 0) and Q = (π, π) for the extrema and P 1 = (π, 0) and P 2 = (0, π) for the two saddle points, but more complicated patterns are also possible. The density of states has a logarithmic van Hove singularity at the saddle points, in strong contrast to the constant density of states of the parabolic spectrum of the jellium model. The second difference is the curvature of the lines of constant energy. These are circles in the case of the jellium model, whereas in the case of the square lattice one can easily find portions with almost vanishing curvature. In fact, for the tight-binding model (with hopping restricted to nearest neighbor sites) the Fermi surface for the half-filled band is a perfect square.
RG calculations for a model where the Fermi surface contains flat portions have been performed by various authors [13] [14] [15] [16] . They agree in that a d-wave superconducting instability occurs for repulsive interactions, due to the coupling of particle-particle and particle-hole correlations.
Our main emphasis is on the effect of van Hove singularities. We will consider in particular the case where the Fermi surface passes through saddle points ("van Hove filling"). Early scaling approaches to this problem [17] [18] [19] focussed on the interactions between electrons at the saddle points, by treating these points in analogy to the two Fermi points of the one-dimensional electron gas [20] . In this work we show that, indeed, the logarithmically dominant RG flow at low energies is controlled by the neighborhood of the van Hove points. However, in contrast to the one-dimensional case where the scattering processes can be characterized in terms of a few coupling constants connecting the two Fermi points, in two dimensions the effective couplings are functions of incoming and outgoing momenta, even if these are restricted to the Fermi surface. We find that this functional dependence plays a crucial role in the asymptotic decoupling of competing instabilities. A step in this direction has already been made in the parquet approach of reference [21] .
When the Fermi level is at a van Hove singularity the system is not renormalizable in the traditional sense of field theory. Nevertheless, electrons near a van Hove singularity have been treated by applying the field theory formalism to the particle-hole sector [22] . No mixture with particle-particle diagrams can be treated within this formalism. The Wilsonian RG used here does not assume renormalizability and may be applied without constraints.
A numerical scheme for calculating the complete flow from the bare action of an arbitrary microscopic model to the low-energy effective action as a function of a continuously decreasing energy cutoff Λ has been presented by Zanchi and Schulz [23] . Unfortunately, in order to carry out the RG calculations it appears to be necessary to resort to a number of approximations, which are justified only at the final stage of the RG flow, where Λ is much smaller than the bandwidth. Nevertheless, the application of this method to the Hubbard model near half filling does provide an appealing picture, namely a transition from an antiferromagnetically ordered ground state at half filling to a d-wave superconductor upon doping [23] . This result has been confirmed by Halboth and Metzner using a similar approach [24] . Recently, numerical RG calculations have brought up two additional phases, one with a deformed Fermi surface (Pomeranchuk instability) [25] and one with suppressed uniform spin and charge susceptibilities ("insulating spin liquid") [26] . In all these calculations the proximity of van Hove singularities plays an important role, together with approximate nesting.
Our analytical approach is complementary to these numerical RG calculations. We start from the same equations and analyze the flow in the limit of small Λ. We focus on the system at the van Hove filling, where we take only the leading order in Λ into account. The asymptotic regime of small Λ can only be reached, if the initial coupling is sufficiently small. In this sense our approach is limited as compared to the numerical studies. On the other hand, the numerical methods suffer from the need to replace the continuous Fermi surface by a discrete set of points.
In our approach -as well as in previous RG calculations carried out to one loop order -self-energy effects are neglected. While this can be easily justified for the jellium model, the argument is more subtle in the case of lattice fermions. In fact, the second-order contribution to the self-energy is infrared divergent in the case of the half-filled nearest-neighbor tight-binding band. Nevertheless, we find that also in this case self-energy effects are of subleading order in Λ, provided that an instability (superconducting or density wave) occurs.
The analysis of the dominant parts of the RG equations is sufficient for establishing a rich phase diagram for the nearest-neighbor tight-binding band with a nested Fermi surface, whereas in the non-nested case subleading contributions are crucial. We also point out the difficulties of including consistently those subleading terms.
The paper is organized as follows. In Section 2 we define the effective interaction for a general model of interacting electrons in two dimensions and show how to relate it to correlation functions. An exact RG equation and its one loop approximation is presented in Section 3 both for the effective coupling function and for generalized susceptibilities. The close connection between this approximation and parquet diagrams is also briefly discussed. In Section 4, we analyze the one loop equations in the limit of small energies. First, we review the situation of a parabolic electron dispersion with a circular Fermi surface where we recover the standard result of a dominant flow in the BCS channel. Then a Fermi surface is considered which passes through van Hove points without being nested. For attractive interaction superconductivity again dominates, whereas it appears to be difficult to keep track consistently of all leading order terms for repulsive interaction. The case of a half filled nearest-neighbor tightbinding band is discussed in the remaining Sections 5-7. In Section 5, the renormalized couplings are classified
